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a b s t r a c t
Recently, Eldred [A.A. Eldred, J. Anuradha, P. Veeramani, On equivalence of generalized
multi-valued contactions and Nadler’s fixed point theorem, J. Math. Anal. Appl. (2007)
doi:10.1016/j.jmaa.2007.01.087] claimed that Nadler’s [S.B. Nadler Jr., Multivalued
contraction mappings, Pacific J. Math. 30 (1969) 475–488] fixed point theorem is
equivalent to Mizoguchi–Takahashi’s [N. Mizoguchi, W. Takahashi, Fixed point theorems
for multivalued mappings on complete metric space, J. Math. Anal. Appl. 141 (1989)
177–188] fixed point theorem. Very recently, Suzuki [T. Suzuki, Mizoguchi–Takahashi’s
fixed point theorem is a real generalization of Nadler’s, J. Math. Anal. Appl. (2007)
doi:10.1016/j.jmaa.2007.08.022] produced an example to disprove their claim and showed
that Mizoguchi–Takahashi’s fixed point theorem is a real generalization of Nadler’s fixed
point theorem. We refine/generalize Mizoguchi–Takahashi’s fixed point theorem. Our
result improves a recent result by Klim andWadowski [D. Klim, D. Wardowski, Fixed point
theorems for set-valued contractions in complete metric spaces, J. Math. Anal. Appl. 334
(1) (2007) 132–139] and extends Hicks and Rhoades [T.L. Hicks, B.E. Rhoades, A banach
type fixed point theorem, Math. Japonica 24 (1979) 327–330] fixed point theorem to
multivalued maps.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
Let (X, d) be a metric space. For x ∈ X and A ⊆ X , d(x, A) = inf{d(x, y) : y ∈ A}. We denote by CL(X) the class of all
nonempty closed subsets of X , by CB(X) the class of all nonempty bounded closed subsets of Xand by K(X) the class of all
nonempty compact subsets of X . For every A, B ∈ CL(X), let
H(A, B) =
{
max{sup
x∈A
d(x, B), sup
y∈B
d(y, A)}, if the maximum exists
∞, otherwise.
Such a map H is called generalized Hausdorff metric induced by d. Notice that H is a metric on CB(X). A point p ∈ X is said
to be a fixed point of T : X → CL(X) if p ∈ Tp. If, for x0 ∈ X , there exists a sequence {xn} in X such that xn ∈ Txn−1 then
O(T , x0) = {x0, x1, x2, . . .} is said to be orbit of T : X → CL(X). A mapping f : X → R is said to be T -orbitally lower
semi-continuous [1] if {xn} is a sequence in O(T , x0) and xn → ξ implies f (ξ) ≤ limn inf f (xn).
Nadler [2] extended the Banach contraction principle to multivalued maps in the following way.
Theorem 1.1 ([2] Nadler’s). Let (X, d) be a complete metric space and T is amapping from X into CB(X) such that for all x, y ∈ X,
H(Tx, Ty) ≤ λd(x, y)
where, 0 ≤ λ < 1. Then T has a fixed point.
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In [3] Reich proved that if (X, d) be a complete metric space and T : X → K(X) satisfies
H(Tx, Ty) ≤ α(d(x, y))d(x, y) (1)
for each x, y ∈ X , where α is a function of (0,∞) into [0, 1) such that
lim sup
r→t+
α(r) < 1 (2)
for each t ∈ (0,∞), then T has a fixed point. Reich [3] raised the question: If T satisfies the same contractive condition (1),
whether or not the range of T can be relaxed. Specifically the question was whether the range of T , K(X) can be replaced by
CB(X) or CL(X). In [4] Mizoguchi and Takahashi gave the positive answer to the conjecture of Reich [3], when the inequality
(2) holds also for t = 0, in particular they proved:
Theorem 1.2 ([4] Mizoguchi–Takahashi’s). Let (X, d) be a complete metric space and T : X → CB(X). If α is a function of
(0,∞) into [0, 1) such that lim supr→t+ α(r) < 1 for each t ∈ [0,∞) and if
H(Tx, Ty) ≤ α(d(x, y))d(x, y) for each x, y ∈ X, (3)
then T has a fixed point in X.
The other proofs of Theorem 1.2 have been given by Daffer and Kaneko [5] and Chang [6]. Recently, Eldred et al. [7] claimed
that Theorem 1.2 is equivalent to Theorem 1.1. Very recently, Suzuki produced an example [8, p. 753] to disprove their
claim and showed that Mizoguchi–Takahashi’s fixed point theorem is a real generalization of Nadler’s fixed point theorem.
The purpose of this paper is to refine/generalize Mizoguchi–Takahashi’s fixed point theorem. Our result improves a recent
result by Klim andWadowski [9] and extends Hicks and Rhoades [1] fixed point theorem tomultivaluedmaps. We state the
following theorems for handiness.
Theorem 1.3 ([1]). Let (X, d) be a complete metric space, g : X → X and 0 ≤ h < 1. Suppose there exists an x such that
d(gy, g2y) ≤ hd(y, gy) for every y ∈ {x, gx, g2x, . . .}.
Then,
(i) limn gnx = q exists;
(ii) d(gnx, q) ≤ hn1−hd(x, gx);
(iii) q is a fixed point of g if and only if G(x) = d(x, gx) is g-orbitally lower semi-continuous at q.
Theorem 1.4 ([9, p. 134]). Let (X, d) be a complete metric space and T : X → K(X). Assume that the following conditions hold:
(i) The map f : X → R defined by f (x) = d(x, Tx), x ∈ X, is lower semi-continuous;
(ii) There exists α : [0,∞)→ [0, 1) such that
∀t∈[0,∞)
{
lim
r→t+
supα(r) < 1
}
(4)
and
∀x∈X∃y∈Ix1:={y∈Tx:d(x,y)≤d(x,Tx)} {d(y, Ty) ≤ α(d(x, y))d(x, y)} . (5)
Then T has a fixed point.
Remark 1.5. Note that when T has compact values then:
(i) Ix1 6= ∅, i.e., there always exists an element y ∈ Tx such that d(x, y) = d(x, Tx);
(ii) Obviously, there will be no element y ∈ Tx such that d(x, y) < d(x, Tx).
Remark 1.6. Further, if the range of T is not compact then Ix1 may have no element. Equivalently, if B is not a compact subset
of a metric space (X, d) then there may not exist any element b ∈ B such that d(x, b) = d(x, B).
Example 1.7 ([2, p. 480]). Let l2 denote the Hilbert space of all square summable sequences of real numberswith usual norm.
Note that for x = (x1, x2, . . .) and y = (y1, y2, . . .)
d(x, y) = ‖x− y‖ =
√√√√ ∞∑
i=1
(xi − yi)2.
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For each n = 1, 2, . . ., let en be the vector in l2 with zeros in all its coordinates except the nth coordinate which is equal to
1. Take a = (−1,− 12 , . . . ,− 1n , . . .), and B = {e1, e2, . . . , en, . . .}. Then,
d(a, B) = inf ‖a− en‖ = inf
(
‖a‖2 + 1+ 2
n
) 1
2 = (‖a‖2 + 1) 12 .
Observe that B ∈ CB(X) and there is no en in B such that ‖a− en‖ ≤ d(a, B).
From the above discussion it is clear that when the range of T is CB(X) or CL(X) then Ix1 may have no element. Therefore,
it will be interesting to see, if we can replace K(X) by CB(X) or CL(X) in Theorem 1.4, knowing that Ix1 may have no element.
This is exactly the subject of this paper.
2. Main result
Now we are in position to state our result.
Theorem 2.1. Let (X, d) be a complete metric space and T : X → CL(X) satisfying
d(y, Ty) ≤ α(d(x, y))d(x, y) for each x ∈ X and y ∈ Tx. (6)
Where α is a function from (0,∞) into [0, 1) such that
lim sup
r→t+
α(r) < 1 for each t ∈ [0,∞). (7)
Then,
(i) For each x0 ∈ X, there exists an orbit {xn} of T and ξ ∈ X such that limn xn = ξ ;
(ii) ξ is fixed point of T if and only if the function f (x) := d(x, Tx) is T -orbitally lower semi continuous at ξ .
We start with the following simple Lemma.
Lemma 2.2. Let (X, d) be a metric space and B ∈ CL(X). Then for each x ∈ X and q > 1 there exists an element b ∈ B such that
d(x, b) ≤ qd(x, B). (8)
Proof. Let d(x, B) = 0 then x ∈ B, since B is closed subset of X . Further, taking b = x we see that (8) holds. Now, suppose
that d(x, B) > 0 and choose
 = (q− 1)d(x, B). (9)
Then using the definition of d(x, B) it follows that there exists b ∈ B such that
d(x, b) ≤ d(x, B)+ 
≤ qd(x, B) (using (9)).
Proof of Theorem 2.1. The Proof we give is inspired by the proof [10, Theorem 1.2.1]. Let x0 ∈ X . Since Tx0 6= ∅, there
exists x1 ∈ X such that x1 ∈ Tx0. If x0 = x1, then x0 is fixed point of T . Let x0 6= x1, by taking q = 1√α(d(x0,x1)) it follows from
Lemma 2.2 that there exists x2 ∈ Tx1 such that
d(x1, x2) ≤ 1√
α(d(x0, x1))
d(x1, Tx1). (10)
Repeating the above argument we obtain a sequence {xn}n∈N in X such that
d(xn, xn+1) ≤ 1√
α(d(xn−1, xn))
d(xn, Txn) (11)
where,
xn ∈ Txn−1, n = 1, 2, . . . . (12)
We have assumed that xn−1 6= xn, for otherwise xn−1 is fixed point of T . Using (6) it follows from (11) that
d(xn, xn+1) ≤
√
α(d(xn−1, xn))d(xn−1, xn) (13)
< d(xn−1, xn). (14)
Hence, {d(xn, xn+1)} is a decreasing sequence of positive real numbers, so it converges to some nonnegative real number b,
say. We claim that b = 0, for otherwise, by taking limits in (13) we get
b ≤
√
lim
n→∞ supα(d(xn−1, xn)) b < b (using (7)),
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which is a contradiction. From (13), we get
d(xn, xn+1) ≤ [
√
α(d(xn−1, xn)) · · ·
√
α(d(x0, x1))]d(x0, x1). (15)
It follows from (7) that we may choose an  > 0 and a ∈ (0, 1) such that
α(t) < a2 for t ∈ (0, ). (16)
Let N be such that
d(xn−1, xn) <  for n ≥ N. (17)
Then, from (15) we have
d(xn, xn+1) ≤ an−(N−1)[
√
α(d(xN−2, xN−1)) · · ·
√
α(d(x0, x1))]d(x0, x1)
< an−N+1d(x0, x1). (18)
Therefore, for anym ∈ Nwe have
d(xn, xn+m) ≤ d(xn, xn+1)+ · · · + d(xn+m−1, xn+m)
< an−N+1[1+ a+ a2 + · · · + am−1]d(x0, x1)
<
an−N+1
1− a d(x0, x1). (19)
This shows that {xn} is Cauchy sequence in X . Since X is complete there exists ξ ∈ X such that xn → ξ . Since xn ∈ Txn−1, it
follows from (6) that
d(xn, Txn) ≤ α(d(xn−1, xn))d(xn−1, xn)
< d(xn−1, xn). (20)
Letting n→∞, from (20) we get
lim
n→∞ d(xn, Txn) = 0. (21)
Suppose f (x) = d(x, Tx) is T orbitally lower continuous at ξ , then
d(ξ , Tξ) = f (ξ) ≤ lim
n
inf f (xn) = lim
n
inf d(xn, Txn) = 0.
Hence, ξ ∈ Tξ , since Tξ is closed. Conversely, if ξ is fixed point of then f (ξ) = 0 ≤ limn inf f (xn).
Remark 2.3. Theorem 2.1 improves Theorem 1.4, since T may take values in CL(X).
Since d(y, Ty) ≤ H(Tx, Ty) for y ∈ Tx. We have the following.
Corollary 2.4. Let (X, d) be a complete metric space and T : X → CL(X) satisfying
H(Tx, Ty) ≤ α(d(x, y))d(x, y) for each x ∈ X and y ∈ Tx. (22)
Where α is a function from (0,∞) into (0, 1] such that
lim sup
r→t+
α(r) < 1 for each t ∈ [0,∞). (23)
Then,
(i) For each x0 ∈ X, there exists an orbit {xn} of T and ξ ∈ X such that limn xn = ξ ;
(ii) ξ is fixed point of T if and only if the function f (x) := d(x, Tx) is T -orbitally lower semi continuous at ξ .
Remark 2.5. Note that Corollary 2.4 generalizes Theorem 1.2 in the following sense:
(i) Inequality (22) is weaker than the inequality (3). To see this, we need the following result which can be shown using
the elementary arguments: for A, B ∈ CL(X) the relations
H(A, B) < +∞ and B is bounded
imply that A is bounded as well. This result is useful to understand the importance of condition (22) instead of, say
condition (3), which corresponds to Mizoguchi–Takahashi’s theorem (M–T’s theorem, for short). Indeed, if we replace
(22) by the stronger condition (3) then we have, in particular, that
H(Tx, Ty) < +∞ for all x, y ∈ X,
hence T assumes bounded values (so we are in M–T’s conditions) if, and only if, there is some y ∈ X such that Ty is
bounded. To sum up, Corollary 2.4 with (22) replaced by (3) is essentially M–T’s theorem.
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(ii) The range of T in Corollary 2.4 is CL(X)which is more general than CB(X);
(iii) For the existence of fixed point we merely require that d(x, Tx) is T orbitally continuous at ξ , whereas condition (3) in
Theorem 1.2 demands that T is a continuous map from X into CB(X).
we have the following simple example which shows the generality of our result.
Example 2.6. Let X = (−∞, 35 ] equipped with usual metric d. Define T : X → CL(X) by
Tx =

(
−∞, 1
2
x
]
if x ∈ (−∞, 0),
(−∞, x2] if x ∈
[
0,
3
5
]
.
Case 1. When x ∈ (−∞, 0) and y ∈ Tx = (−∞, 12x], then we have
H(Tx, Ty) = 1
2
|x− y| = 1
2
d(x, y),
since y ∈ (−∞, 0) in this case.
Case 2. When x ∈ [0, 35 ] and y ∈ Tx, then we have
H(Tx, Ty) ≤ |x2 − y2| = (x+ y)d(x, y) ≤ 24
25
d(x, y).
Thus, for any x ∈ X and y ∈ Tx, we have
d(y, Ty) ≤ H(Tx, Ty) ≤ 24
25
d(x, y).
By taking α(t) = c , where 2425 ≤ c < 1, we see that all conditions of Theorem 2.1 and Corollary 2.4 are satisfied and 0 is
fixed point of T . Note that T does not satisfy the hypothesis of Theorems 1.2 and 1.4.
Remark 2.7. Looking at the proof of Theorem 2.1 one may observe that the full strength of inequality (6) is not needed in
the proof of the Theorem, the proof may work equally if the inequality holds for y ∈ O(T , x0) \ {x0}. Therefore, Theorem 2.1
extends Theorem 1.3 to multi-valued maps in the sense that conclusions (i) and (iii) in Theorem 1.3 are properly extended.
As far as, conclusion (ii) of Theorem 1.3 is concerned we have the following estimate, which can be obtained from (19) by
keeping n fixed and lettingm→∞.
d(xn, ξ) ≤ a
n−N+1
1− a d(x0, Tx0)
where, N and a are defined by (16) and (17), respectively.
Remark 2.8. Note that Hicks and Rhoades [1] fixed point theorem cannot be obtained as special case of Mizoguchi–
Takahashi’s fixed point theorem.
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